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ON A DIFFERENTIAL SUBORDINATION AND
SUPERORDINATION OF NEW CLASS
OF MEROMORPHIC FUNCTIONS
ALI MUHAMMAD - MARJAN SAEED
In this paper, we investigate differential subordination and superordi-
nation properties of a new class of meromorphic analytic functions in the
punctured unit disc. We derive some sandwich theorems.
1. Introduction
LetH(E) denote the class of analytic functions in the open unit disc E = {z∈C :
|z|< 1}. For a∈C, letH[a,1] = { f ∈H(E) : f (z)= a+a1z+a2z2+ . . . ,z∈E}.









which are analytic in the punctured unit disk
E∗ = {z : z ∈ C and 0 < |z|< 1}= E\{0}.
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If f , g ∈H(E), we say that f is subordinate to g, written f ≺ g or f (z)≺ g(z),
if there exists a Schwarz function w in E with w(0) = 1 and |w(z)|< 1 (z ∈ E)
such that f (z) = g(w(z)).
For a complex parameters α1, . . . ,αq and β1, . . . ,βs (β j ∈ C\Z−0 , Z−0 =
{0,−1,−2, . . .}; j = 1, . . . ,s), we now define the generalized hypergeometric
function, see [25,33] as follows:




(α1)n . . .(αq)n
(β1)n . . .(βs)n n!
zn, (2)
(q≤ s+1;s ∈ N∪{0};N= {1,2, . . .}; z ∈ E),
where (v)k is the Pochhammer symbol (or shifted factorial) defined (in terms of






1 if n = 0 and v ∈ C\{0};
v(v+1) . . .(v+n−1) if n ∈ N and v ∈ C.
Corresponding to a function
F(α1, . . . ,αq;β1, . . . ,βs;z) = z−1 qFs(α1, . . . ,αq;β1, . . . ,βs;z). (3)
Liu and Srivastava [16] consider a linear operator
H(α1, . . . ,αq;β1, . . . ,βs) : ∑−→ ∑ defined by the following Hadamard product
(or convolution):
H(α1, . . . ,αq;β1, . . . ,βs) f (z) = F(α1, . . . ,αq;β1, . . . ,βs;z)∗ f (z). (4)
We note that the linear operator H(α1, . . . ,αq;β1, . . . ,βs) was motivated essen-
tially by Dziok and Srivastava [9]. Some interesting developments with the
generalized hypergeometric function were considered recently by Dziok and
Srivastava [10,11] and Liu and Srivastava [14,15]. Corresponding to the func-
tion F(α1, . . . ,αq;β1, . . . ,βs;z) defined by (3), we introduce a function
Fλ (α1, . . . ,αq;β1, . . . ,βs;z) z ∈ E∗,
given by
F(α1, . . . ,αq;β1, . . . ,βs;z)∗Fλ (α1, . . . ,αq;β1, . . . ,βs;z) =
1
z(1− z)λ (λ > 0).
(5)
Analogous to H(α1, . . . ,αq;β1, . . . ,βs) defined by (4), we now define the linear
operator Hλ (α1, . . . ,αq;β1, . . . ,βs) on ∑ as follows:
Hλ (α1, . . . ,αq;β1, . . . ,βs) f (z) = Fλ (α1, . . . ,αq;β1, . . . ,βs;z)∗ f (z) (6)
(αi,β j ∈ C\Z−0 ; i = 1, . . . ,q; j = 1, . . . ,s; λ > 0; z ∈ E∗ f ∈∑).
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For convenience, we write
Hλ ,q,s(α1) = Hλ (α1, . . . ,αq;β1, . . . ,βs).
It is easily verified from the definition (5) and (6) that
z(Hλ ,q,s(α1+1) f (z))′ = α1Hλ ,q,s(α1) f (z)− (α1+1)Hλ ,q,s(α1+1) f (z), (7)
and
z(Hλ ,q,s(α1) f (z))′ = λHλ+1,q,s(α1) f (z)− (λ +1)Hλ ,q,s(α1) f (z). (8)
We note that the operator Hλ ,q,s(α1) is closely related to the Choi-Saigo-Sriva-
stava operator [8] for analytic functions, which includes the integral operator
studied by Liu [12] and Noor et al. [19,22].
Suppose that h and k are two analytic functions in E, let
ϕ(r,s, t;z) : C3×E −→ C.
If h and ϕ(h(z),zh′(z),z2h′′(z);z) are univalent functions in E and if h satisfies
the second order superordination
k(z)≺ ϕ(h(z),zh′(z),z2h′′(z);z), (9)
then k is said to be a solution of the differential superordination (9). An ana-
lytic function q ∈ H(E) is called a subordinant to (9), if q(z) ≺ h(z) for all the
functions h satisfying (9).
A univalent subordinant q˜ that satisfies q(z)≺ q˜(z) for all of the subordinants
q of (9), is said to be the best subordinant.
Miller and Mocanu [18] obtained sufficient conditions on the functions k,q
and ϕ for which the following implications hold:
k(z)≺ ϕ(h(z),zh′(z),z2h′′(z);z) =⇒ q(z)≺ h(z).
Using these results, the authors in [3] considered certain classes of first-order
differential superordinations, see also [5], as well as superordination-preserving
integral operators [4]. Aouf et al. [2,3], obtained sufficient conditions for certain





where q1 and q2 are given univalent normalized functions in E. Very recently,
Shanmugam et al. [28,29] obtained the such called sandwich results for certain
classes of analytic functions. For interested readers we refer to the work done
by the authors [1,2,7,17,21,23,24,27,30,31,32].
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2. Preliminary Results
Definition 2.1 ([18]). Let Q be the set of all functions f that are analytic and
injective on E\U( f ), where
U( f ) =
{
ζ ∈ ∂E : lim
z→ζ
f (z) = ∞
}
,
and are such that f ′(ζ ) 6= 0 for ζ ∈ ∂E\U( f ).
To establish our main results we need the following Lemmas.
Lemma 2.2 (Miller and Mocanu [17]). Let q be univalent in the unit disc E, and
let θ and ϕ be analytic in a domain D containing q(E), with ϕ(w) 6= 0 when
w ∈ q(E). Set Q(z) = zq′(z)ϕ(q(z)), h(z) = θ(q(z))+Q(z) and suppose that
(i) Q is a starlike function in E,
(ii) ℜ zh
′(z)
Q(z) > 0, z ∈ E.
If p is analytic in E with p(0) = q(0), p(E)⊆ D and
θ(p(z))+ zp′(z)ϕ(p(z))≺ θ(q(z))+ zq′(z)ϕ(q(z)), (10)
then p(z)≺ q(z), and q is the best dominant of (10).
Lemma 2.3 (Shanmugam et al.[29]). Let ν , γ ∈ C with γ 6= 0, and let q be a












, z ∈ E.
If p is analytic in E and
ν p(z)+ γzp′(z)≺ νq(z)+ γzq′(z), (11)
then p(z)≺ q(z), and q is the best dominant of (11).
Lemma 2.4 (Bulboaca˘ [6]). Let q be a univalent function in the unit disc E, and
let θ and ϕ be analytic in a domain D containing q(E). Suppose that
(i) ℜθ
′(q(z))
ϕ(q(z)) > 0 for z ∈ E,
(ii) h(z) = zq′(z)ϕ(q(z)) is starlike in E.
If p ∈ H[q(0),1]∩Q with p(E) ⊆ D, θ(p(z))+ zp′(z)ϕ(p(z)) is univalent
in E, and
θ(q(z))+ zq′(z)ϕ(q(z))≺ θ(p(z))+ zp′(z)ϕ(p(z)), (12)
then q(z)≺ p(z), and q is the best subordinant of (12).
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Note that this result generalize a similar one obtained in [4].
Lemma 2.5 (Miller and Mocanu [18]). Let q be convex in E and let γ ∈C, with
ℜγ > 0. If p ∈H[q(0),1]∩Q and p(z)+ γzp′(z) is univalent in E, then
q(z)+ γzq′(z)≺ p(z)+ γzp′(z), (13)
implies q(z)≺ p(z), and q is the best subordinant of (13).
Lemma 2.6 (Royster [26]). The function q(z) = 1
(1−z)2ab is univalent in E if and
only if |2ab−1| ≤ 1 or |2ab+1| ≤ 1.
3. Main Results












, z ∈ E, (14)
where α ∈ C∗ = C\{0}, 0 < µ < 1 and zHλ ,q,s(α1) f (z) 6= 0. If f ∈ ∑ satisfies
the subordination






(zHλ ,q,s(α1) f (z))−µ ≺ p(z),
and p is the best dominant of Eq. (15).
Proof. We begin by setting
(zHλ ,q,s(α1) f (z))−µ = h(z),
where h(z) is analytic in E with h(0) = 1.
A simple computation together with (8) shows that












Combining this last relation together with Lemma 2.3 for special case γ = αµλ
and ν = 1, we obtain our result.
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, z ∈ E. (16)
It is easy to verify that the function ϕ(ζ ) = (1−ζ )
(1+ζ ) , |ζ |< |B|, is convex in E, and
since ϕ(ζ ) = ϕ(ζ ) for all |ζ | < |B|, it follows that ϕ(E) is a convex domain










1+ |B| > 0. (17)





hence, we have the following result.









If f ∈ ∑, and














and 1+Az1+Bz is the best dominant of (18).
For A = 1 and B =−1, the above corollary reduces to
Corollary 3.3. Let 0 < µ < 1, zHλ ,q,s(α1) f (z) 6= 0 and α ∈ C∗ with ℜ 1α ≥ 0.
If f ∈ ∑, and






(1− z)2 , (19)
then
(zHλ ,q,s(α1) f (z))−µ ≺
1+ z
1− z ,
and 1+z1−z is the best dominant of (19).
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Theorem 3.4. Let p be univalent in E, with p(0) = 1 and p(z) 6= 0 for all z∈ E.
Let γ, µ ∈ C∗ and v, η ∈ C, with v+η 6= 0. Let f ∈ ∑ and suppose that f and
p satisfy the following conditions:[
(v+η)z
{
vHλ+1,q,s(α1) f (z)+ηHλ ,q,s(α1) f (z)


























Hλ ,q,s(α1) f (z)
) −1]







vHλ+1,q,s(α1) f (z)+ηHλ ,q,s(α1) f (z)
}]−µ ≺ p(z),
and p is the best dominant of (22). The power is the principal one.
Proof. We begin by setting[
(v+η)z
{
vHλ+1,q,s(α1) f (z)+ηHλ ,q,s(α1) f (z)
}]−µ
= h(z), z ∈ E, (23)
where h(z) is analytic in E with h(0) = 1. Differentiating Equation (23) loga-


















To prove our result we use Lemma 2.2, we suppose that




then θ is analytic in C and ϕ(w) 6= 0 is analytic in C∗. Also, if we let
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then, since Q(0) = 0 and Q′(0) 6= 0, the assumption (21) would yield that Q is













> 0, z ∈ E,
and by using Lemma 2.2, we deduce that the subordination (22) implies that
h(z)≺ p(z), and the function p is the best dominant of (22).This completes the
proof of our theorem.
In particular, v= 0, η = γ = 1 and p(z) = 1+Az1+Bz in the above Theorem 3.4, it
is easy to see that the assumption (21) holds whenever −1≤ A < B≤ 1, which
leads to the next result:
Corollary 3.5. Let −1 ≤ A < B ≤ 1 and µ ∈ C∗. Let f ∈ ∑, and suppose that
zHλ ,q,s(α1) f (z) 6= 0 for z ∈ E. And assume (20). If
1+µ
[
−z(Hλ ,q,s(α1) f (z))
′











and 1+Az1+Bz is the best dominant of (24). The power is the principal one.
Letting v = 0, η = 1, αi = βi(i = 1,2, . . . ,s), γ = 1ab , a, b ∈ C∗, µ = a, and
p(z) = 1
(1−z)2ab in Theorem 3.4, then combining this together with Lemma 2.6
we obtain the next result.
Corollary 3.6. Let a, b∈C∗ such that |2ab−1| ≤ 1 or |2ab+1| ≤ 1. Let f ∈∑











1− z , (25)
then
(z f (z))−a ≺ 1
(1− z)2ab ,
and 1
(1−z)2ab is the best dominant of (25). The power is the principal one.
In particular, v = 0, η = γ = 1, αi = βi(i = 1,2, . . . ,s) and p(z) = (1+
Bz)
µ(A−B)
B , −1 ≤ B < A ≤ 1, B 6= 0 in Theorem 3.4, and using Lemma 2.6, we
obtain the next result.
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Corollary 3.7. Let −1≤ B < A≤ 1, with B 6= 0, and suppose that
∣∣∣ µ(A−B)B−1 ∣∣∣≤ 1
or













(z f (z))−µ ≺ (1+Bz) µ(A−B)B ,
and (1+Bz)
µ(A−B)
B is the best dominant of (26). Here the power is the principal
one.
By taking v = 0, µ = a, η = 1, αi = βi(i = 1,2, . . . ,s), γ = e
iλ
abcosλ , a, b ∈
C∗ and |λ | < pi/2, and q(z) = 1
(1−z)2abcosλe−iλ in Theorem 3.4, we obtain the
following result.
Corollary 3.8. Let a, b ∈C∗ and |λ |< pi2 , and suppose that
∣∣2abcosλe−iλ −1∣∣












1− z , (27)
then
(z f (z))−a ≺ 1
(1− z)2abcosλe−iλ ,
and 1
(1−z)2abcosλe−iλ is the best dominant of (27). The power is the principal one.
Theorem 3.9. Let p be univalent in E with p(0) = 1, let µ, γ ∈C∗, and let δ , v,




vHλ+1,q,s(α1) f (z)+ηHλ ,q,s(α1) f (z)













, z ∈ E. (29)
If

















Hλ ,q,s(α1) f (z)
) )] ,
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and




vHλ+1,q,s(α1) f (z))+ηHλ ,q,s(α1) f (z)
}]−µ ≺ p(z),
and p is the best dominant of (31). All the powers are the principal ones.
Proof. We begin by setting[
(v+η)z
{
vHλ+1,q,s(α1) f (z))+ηHλ ,q,s(α1) f (z)
}]−µ
= h(z). (32)







































Hλ ,q,s(α1) f (z)
) )= zh′(z).
Let us consider the functions:
θ(w) = δw, ϕ(w) = γ, w ∈ C,
Q(z) = zp′(z)ϕ(p(z)) = γzp′(z), z ∈ E,
and
g(z) = θ(p(z))+Q(z) = δ p(z)+ γzp′(z), z ∈ E.












> 0, z ∈ E,
Now, using Lemma 2.2, the proof is completed.
Taking p(z)= (1+Az)(1+Bz) in Corollary 3.7, where−1≤B<A≤ 1 and according








Hence, for the special case v = 1 = γ, η = 0, we obtain the next result:
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Corollary 3.10. Let −1≤ B < A≤ 1 and let δ ∈ C with
max{0;−ℜδ} ≤ 1−|B|
1+ |B| .
Let f ∈ ∑ and suppose that
zHλ ,q,s(α1) f (z) 6= 0, z ∈ E,
and let µ ∈ C∗. If
[
zHλ ,q,s(α1) f (z)
]−µ [δ +µ(−z(Hλ ,q,s(α1) f (z))′














and 1+Az1+Bz is the best dominant of (33). All the powers are the principal ones.
By taking γ = η = 1, v= 0, αi = βi(i= 1,2, . . . ,s) and p(z) = 1+z1−z in Corol-
lary 3.7, we obtain the next result.









≺ δ 1+ z
1− z +
2z
(1− z)2 , (34)
then
[z f (z)]−µ ≺ 1+ z
1− z ,
and 1+z1−z is the best dominant of (34). All the powers are the principal ones.
4. Superordination and Sandwich results
Theorem 4.1. Let p be convex in E with p(0) = 1, let 0 < µ < 1, α ∈ C∗
with ℜα > 0. Let f ∈ ∑ be such that zHλ ,q,s(α1) f (z) 6= 0 and suppose that(
zHλ ,q,s(α1) f (z)
)−µ ∈H [p(0),1]∩Q. If the function
(1+α)(zHλ ,q,s(α1) f (z))−µ −αz(Hλ+1,q,s(α1) f (z))(zHλ ,q,s(α1) f (z))−µ−1
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≺ (1+α)(z(Hλ ,q,s(α1) f (z))−µ
−αz(Hλ+1,q,s(α1) f (z))(zHλ ,q,s(α1) f (z))−µ−1, (35)
then
p(z)≺ (zHλ ,q,s(α1) f (z))−µ ,
and p is the best subordinant of (35).
Proof. Setting
(zHλ ,q,s(α1) f (z))−µ = h(z), z ∈ E.
Then h(z) is analytic in E with h(0) = 1.





= (1+α)(zHλ ,q,s(α1) f (z))−µ −αz(Hλ+1,q,s(α1) f (z))(zHλ ,q,s(α1) f (z))−µ−1,
and now, by using Lemma 2.5, we obtain the desired result.
Taking p(z) = 1+Az1+Bz in Theorem 4.1, where −1≤ B < A≤ 1, we obtain the
next result.
Corollary 4.2. Let p be convex in E with p(0) = 1, let 0 < µ < 1, α ∈ C∗
with ℜα > 0. Let f ∈ ∑ be such that zHλ ,q,s(α1) f (z) 6= 0 and suppose that(
zHλ ,q,s(α1) f (z)
)−µ ∈H [p(0),1]∩Q. If the function
(1+α)(zHλ ,q,s(α1) f (z))−µ −αz(Hλ+1,q,s(α1) f (z))(zHλ ,q,s(α1) f (z))−µ−1






≺ (1+α)(zHλ ,q,s(α1) f (z))−µ




≺ (z(Hλ ,q,s(α1) f (z))−µ ,
and 1+Az1+Bz is the best subordinant of (36), where −1≤ B < A≤ 1.
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Using the same techniques as in Theorem 20, and then applying Lemma 2.4,
we have the following theorem.
Theorem 4.3. Let p be convex in E with p(0) = 1, let µ, γ ∈ C∗, and let δ , v,




vHλ+1,q,s(α1) f (z))+ηHλ ,q,s(α1) f (z)




vHλ+1,q,s(α1) f (z))+ηHλ ,q,s(α1) f (z)
}]−µ ∈H[p(0),1]∩Q.
If the function ψ given by equation (30) is univalent in E, and
δq(z)+ γzq′(z)≺ ψ(z), (37)
then
p(z)≺ [(v+η)z{vHλ+1,q,s(α1) f (z))+ηHλ ,q,s(α1) f (z)}]−µ ,
and p is the best subordinate of (37). All the powers are the principal ones.
Note that by combining Theorem 3.1 with Theorem 4.1 and Corollary 3.10
with Theorem 4.3, we have, respectively, the following two sandwich theorems:
Theorem 4.4. Let p1 and p2 be two convex functions in E with p1(0) = p2(0) =
1, let 0 < µ < 1, α ∈C∗ withℜα > 0. Let f ∈∑ be such that zHλ ,q,s(α1) f (z) 6=
0 and suppose that
(
zHλ ,q,s(α1) f (z)
)−µ ∈H[p(0),1]∩Q. If the function
(1+α)(zHλ ,q,s(α1) f (z))−µ −αz(Hλ+1,q,s(α1) f (z))(zHλ ,q,s(α1) f (z))−µ−1





≺ (1+α)(zHλ ,q,s(α1) f (z))−µ −αz(Hλ+1,q,s(α1) f (z))(zHλ ,q,s(α1) f (z))−µ−1




p1(z)≺ (zHλ ,q,s(α1) f (z))−µ ≺ p2(z),
and p1 and p2 are, respectively, the best subordinate and the best dominant of
(38).
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Theorem 4.5. Let p1 and p2 be two convex functions in E with p1(0) = p2(0) =




vHλ+1,q,s(α1) f (z))+ηHλ ,q,s(α1) f (z)




vHλ+1,q,s(α1) f (z))+ηHλ ,q,s(α1) f (z)
}]−µ ∈H[p(0),1]∩Q.
If the function ψ given by (30) is univalent in E, and






vHλ+1,q,s(α1) f (z))+ηHλ ,q,s(α1) f (z)
}]−µ ≺ p2(z),
and p1 and p2 are, respectively, the best subordinate and the best dominant of
(39). All the powers are the principal ones.
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